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ON THE EXTENSION AND SMOOTHING OF THE
CALABI FLOW ON COMPLEX TORI
HONGNIAN HUANG
Abstract. In this paper, we continue to study the Calabi flow on com-
plex tori. We develop a new method to obtain an explicit bound of the
curvature of the Calabi flow. As an application, we show that when
n = 2, the Calabi flow starting from a weak Ka¨hler metric will become
smooth immediately. It implies that in our settings, the weak minimizer
of the Mabuchi energy is a smooth one.
1. Introduction
In geometrical flows, one of the important tools is the blowup analysis.
For example, in Perelman’s celebrated work, he uses the blowup analysis to
understand the singularities under the Ricci flow in a 3-manifold [19, 20, 21].
To do this, he needs three tools:
(1) Shi’s estimates [22] in Ricci flow.
(2) Non-collapsing property of the Ricci flow. [19]
(3) Classifications of the κ-solutions. [20]
The blowup analysis plays an important role not only in geometrical flows,
but also in the continuity methods. The most relevant work to our paper
is Donaldson’s celebrated proof of the Yau-Tian-Donaldson conjecture in
toric surfaces [11, 12, 13, 14]. In Donaldson’s work, he also establishes the
Shi-type estimates, the non-collapsing property and the classification of the
limiting spaces.
In the Calabi flow, the first work using the blowup analysis is due to Chen-
He [7, 8] who study the Calabi flow on Fano toric surfaces. They showed
that the Sobolev constant is uniformly bounded along the Calabi flow if the
Calabi energy of the initial Ka¨hler metric is less than an explicit constant.
Thus to show the long time existence of the Calabi flow, they proved
• Shi-type estimates in integral forms.
• Classification/non-existence of the limiting spaces.
Inspired by the above work, the author proposed a project to study the
Calabi flow in toric manifolds [17]. What we want to establish are the
following:
(1) Shi-type estimates.
(2) Uniform control of Donaldson’s M -condition: non-collapsing prop-
erty.
(3) Classifications of the limiting spaces.
In [17], we classify the limiting spaces. Streets establishes the Shi-type
estimates in [23]. Finally, joint with Feng [16], we prove that the Calabi
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flow exists for all time on C2/(Z2 + iZ2) with a 2-torus invariant initial
metric.
All the above work require the classification of the limiting space. How-
ever, our following theorem suggests that the classification of the limiting
spaces may not be necessary to prove the long time existence of the Calabi
flow. Let us briefly explain the ideas here. Let ϕ(t), t ∈ [0, T ) be a se-
quence of relative Ka¨hler potentials satisfying the Calabi flow equation. To
show that ϕ(t) can be extended over T , by Chen-He’s compactness theorem
(Theorem 1.4 in [6]), one only needs to show that the Ricci curvature is uni-
formly controlled in [0, T ). The idea of the blowup analysis is that suppose
the Ricci curvature is not uniformly bounded in [0, T ), then one can pick a
sequence of time ti → T−, such that
lim
i→∞
max
x∈X
|Rm|(ti, x) =∞.
Let λi = maxx∈X |Rm|(ti, x). One then proceed to rescale the Calabi flow
at ti by the factor λi. So one obtain a sequence of the Calabi flow g
(i)(t).
One need to show that as i → ∞, g(i)(t) converges to a limiting Calabi
flow g(∞)(t) in a noncompact Ka¨hler manifold X∞. This step requires Shi-
type estimates and the non-collapsing property. The last step is to obtain a
contradiction by studying the behavior of g(∞)(t) in X∞. This step usually
requires the classification of the limiting spaces. Our observation is that in
our settings, there exists an explicit constant C such that if the rescaling
factor λi ≥ C, then we can obtain a contradiction. Thus we completely
avoid the study of the limiting Calabi flow g(∞)(t) and the limiting Ka¨hler
manifold X∞. Our main theorem reads as follows:
Theorem 1.1. Let X = Cn/(Zn + iZn). Let ϕ(t) ∈ HT, t ∈ [0, T ) be a
one parameter family of relative Ka¨hler potentials satisfying the Calabi flow
equation. Suppose that there exists CE > 0 such that for any t ∈ [0, T ), the
total energy (∫
X
|Rm|n ωn(t)
) 1
n
≤ CE ,
then there exists an explicit constant λ > 0 depending only on d(ϕ(0), 0), CE , n
such that for any t ∈ [0, T ),
|Rm(t)| < max
(
λ,
λ
t2
)
.
Remark 1.2. Our theorem strengthens the results obtained in [16]:
• For n ≥ 3 with the assumption that the total energy is controlled, we
are not able to control the Riemann curvature at all in [16].
• For n = 2, we only be able to prove an inexplicit bound of the cur-
vature long the Calabi flow in [16].
We are able to strengthen the results in [16] because we avoid going to the
limiting spaces. In a forthcoming paper, this idea will be generalized to other
cases. It seems that the only obstacle to prove the long time existence of the
Calabi flow is the non-collapsing property of the Calabi flow. In the setting
of our paper, the non-collapsing property only depends on the control of the
total energy.
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Let us discuss an application of our main theorem : the smoothing prop-
erty of the Calabi flow. Given a weak Ka¨hler metric, a natural question is
that if we could smooth it and how we smooth it. There are many important
work in this area. For example, Chen-Tian-Zhang use the Ka¨hler Ricci flow
to smooth a weak Ka¨hler metric [9]. Similar to [9], we first need to define a
unique weak Calabi flow starting from a weak Ka¨hler metric. Then we show
that this weak Calabi flow becomes smooth immediately. The existence of
the weak Calabi flow follows from Streets’ work in [24] which uses a general
theory of Mayer [18]. Further development of the weak Calabi flow can be
found on [25, 2]. The remaining task for us is to show that the weak Calabi
flow is a smooth one for t > 0.
Let S be the set of all smooth symplectic potentials and E be the com-
pletion of S in the sense of the Mabuchi distance. Our result is:
Theorem 1.3. Let X = C2/(Z2 + iZ2). Suppose u0 ∈ E and its Mabuchi
energy is finite. Let u(t), t ≥ 0 be the weak Calabi flow starting from u0.
Then for any t > 0, u(t) ∈ S.
Since the minimizer of the Mabuchi energy in E is a fixed point in the
weak Calabi flow, we have an immediate corollary:
Corollary 1.4. Any minimizer of the Mabuchi energy in E belongs to S.
Remark 1.5. The regularity of weak minimizers of the Mabuchi energy
in the general case has been proved by Berman-Darvas-Lu [3], assuming the
existence of smooth cscK metrics. Their result partially confirms conjectures
of Chen [4] and Darvas-Rubinstein [10]. It is also shown in [10] that the
regularity of weak minimizers implies the properness of the Mabuchi energy
[26, 27, 10].
In our proof, we do not use the fact that there exists cscK metrics in
the Ka¨hler class. Thus we expect that the Calabi flow can smooth the weak
minimizers of the Mabuchi energy in general. As pointed out in [10], the
regularity problem of the weak minimizers is the main obstacle in proving
the existence of cscK metrics, assuming the Mabuchi energy is proper in the
Ka¨hler class.
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2. Introduction
Let X = Cn/(Zn +
√−1Zn). Let zi = ξi +
√−1ti, i = 1, . . . , n be the
holomorphic coordinates of Cn. Let ω =
√−1
2
∑n
i=1 zi ∧ z¯i be the flat Ka¨hler
metric. Let
H = {ϕ ∈ C∞(X) | ωϕ = ω +
√−1∂∂¯ϕ > 0}
be the set of relative Ka¨hler potentials. Feng and Szekelyhidi [15] consid-
ered the subset HT which consists of all the torus invariant relative Ka¨hler
potentials, i.e.,
HT = {ϕ ∈ H | ϕ(z1, . . . , zn) = ϕ(ξ1, . . . , ξn)}.
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Thus for any ϕ ∈ HT, ϕ is a smooth, periodic function on Rn with period
[−1, 1]n such that
ψ = ϕ+
1
2
n∑
i=1
ξ2i
is a smooth, strictly convex function on Rn. Feng and Szekelyhidi [15] con-
sidered the Legendre transform of ψ: u. Let (x1, . . . , xn) = ∇ψ(ξ1, . . . , ξn)
be the dual coordinates. We have
Lemma 2.1. f(x) = u(x) − 12
∑n
i=1 x
2
i is a periodic function on Rn with
period [−1, 1]n.
Proof. We only need to show that f(x1, . . . , xn) = f(x1 + 2, x2, . . . , xn).
Then the dual coordinates of (x1 + 2, x2, . . . , xn) is (ξ1 + 2, ξ2, . . . , ξn). Thus
f(x1 + 2, x2, . . . , xn)− f(x1, . . . , xn)
= u(x1 + 2, x2, . . . , xn)− u(x1, . . . , xn)− 2x1 − 2
= (x1 + 2)(ξ1 + 2)− x1ξ1 − ψ(ξ1 + 2, ξ2, . . . , ξn) + ψ(ξ1, . . . , ξn)− 2x1 − 2
= 0.

Let S be the set of all smooth periodic functions f(x) with period [−1, 1]n
such that u(x) = f(x) + 12
∑n
i=1 x
2
i is a smooth, strictly convex function.
Then there exists a one-to-one correspondence between HT and S through
the Legendre transform. We also denote E to be the completion of S in the
sense of the Mabuchi distance.
Let ϕ(t), t ∈ [0, T ) be a Calabi flow in HT be a one parameter family of
relative Ka¨hler potentials satisfying the Calabi flow equation, i.e.,
∂ϕ(t)
∂t
= S(t)− S,
where S(t) is the scalar curvature of ω(t) = ω+
√−1∂∂¯ϕ(t) and S = 0 is its
average. Then the Legendre dual u(t) of ψ(t) = ϕ(t) + 12
∑n
i=1 ξ
2
i satisfies
the following equation
∂u(t)
∂t
= −S(t),
where S(t) = −∑ij uijij(t) is the Abreu’s equation [1].
3. Maximum domain of a special convex function
In this section, we want to understand if one can have a special (see
definition below) convex function u on Rn. If not, what is the maximum
domain in Rn one can have for u. Let us start with an analytic result:
Proposition 3.1. Let f : [1,∞)→ R+ be a positive function with∫ ∞
1
1
f(x)
dx < M.
Then for any n,C > 0, there exists x0 ∈ [1,∞) depending only on C,M, n
such that ∫ x0
1
f(x)xn−1 dx > Cxn+10 .
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Proof. Suppose the conclusion is not true. Then there exists C, n > 0 such
that for any x ∈ [1,∞), we have∫ x
1
f(x)xn−1 dx ≤ Cxn+1.
Let us construct a sequence of positive constant Ri, i = 0, 1, . . . such that
Ri = 2
i. By Ho¨lder’s inequality, we know that∫ Ri+1
Ri
1
f(x)
dx
≥
(∫ Ri+1
Ri
x
n−1
2 dx
)2
∫ Ri+1
Ri
f(x)xn−1 dx
≥
(
2
n+1
(
R
n+1
2
i+1 −R
n+1
2
i
))2
2n+1CRn+1i
=
4
(
2
n+1
2 − 1
)2
(n+ 1)22n+1C
.
Let i → ∞, we obtain a contradiction. In fact, for any given n,C > 0,
there exists x0 with
0 ≤ lnx0 ≤
[M(n+ 1)22n+1C
4
(
2
n+1
2 − 1
)2 ] + 1
 ln 2
such that
∫ x0
1 f(x)x
n−1 dx > Cxn+10 , where [x] denotes the integer part of
x. 
Now let us define what a special convex function of type (M,C0, CE) is.
Definition 3.2. u is a special convex function on Rn of type (M,C0, CE) if
u satisfies the following condition:
• u is a smooth, strictly convex function.
• u(0, . . . , 0) = 0, Du(0, . . . , 0) = (0, . . . , 0).
• For any x ∈ Rn, |Du(x)| < M .
• For any x outside the Euclidean Ball BE(O, 1), ur(x) > C0.
• (∫
Rn
(
|uijij |
)n
dµ
) 1
n
< CE .
Let R > 0 be a positive constant and let
f(x) =
{
(u(x)−R)2, if u(x) < R;
0, otherwise.
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We have
0 ≤
∫
Rn
uijfifj dµ
=
1
2
∫
supp(f)
uij(f2)ij − 2uijfijf dµ
=
1
2
∫
supp(f)
uijij(f
2)− 4n(u−R)3 − 4uijuiujf dµ
≤1
2
‖S(u)‖ 1
n
‖f2‖n−1
n
+ 2
∫
supp(f)
−n(u−R)3 − uijuiujf dµ.
It yields
(1) −
∫
supp(f)
n(u−R)3 dµ+ CE
4
‖f2‖n−1
n
≥
∫
supp(f)
uijuiujf dµ.
Let us analyze the left hand side of the inequality (1). Since u is a
special convex function, for any x ∈ Rn\BE(O, 1), we have ur > C0 where
r = dE(O, x). Combining with the fact that |Du| < M , we have
Lemma 3.3. There exists a constant C1 > 0 depending only on n,C0,M
such that
Rn
C1
< V ol(supp(f)) < C1R
n.
Proof. The proof of this lemma is elementary and we leave it to the interested
readers. 
As a corollary, we have
Corollary 3.4.
−
∫
supp(f)
n(u−R)3 dµ+ CE
4
‖f2‖n−1
n
≤ C2Rn+3,
where C2 depends only on n,C0,M,CE.
Proof. It is easy to see that
−
∫
supp(f)
n(u−R)3 dµ
≤R3V ol(supp(f))
≤CRn+3.
For the second term, we have
‖f2‖n−1
n
≤
(∫
supp(f)
f
2n
n−1 dµ
)n−1
n
≤R4 (V ol(supp(f)))n−1n
≤CRn+3.
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Combining the above two terms, we obtain the conclusion. 
Now let us analyze the right hand side of the inequality (1). Let
(r, θ = (θ1, . . . , θn−1))
be the spherical coordinates. Since 0 < Dru(r, θ) < M for any r > 0, θ ∈
Sn−1, for any 0 < r ≤ R2M , we have u(r, θ) < R/2. Using the coordinate
system as in Lemma 3 of [12] and Lemma 4.3 of [17] (without changing the
value of urr), direct calculations show that:∫
supp(f)
uijuiujf dµ
≥
∫
Sn−1
∫ R
2M
1
urrurur
R2
4
rn−1drdσSn−1
≥R
2C20
4
∫
Sn−1
∫ R
2M
1
urr rn−1drdσSn−1
=
R2C20
4
∫
Sn−1
∫ R
2M
1
1
urr
rn−1drdσSn−1 .
Let C3 > 0 be a constant to be determined later. Then by Proposition
(3.1), there exists R0 > 1 such that∫ R0
2M
1
urr rn−1dr > C3
(
R0
2M
)n+1
.
Thus we have
C2R
n+3
0 ≥ C3
R20C
2
0
4
V ol(Sn−1)
(
R0
2M
)n+1
.
We can choose C3 =
4C2(2M)n+1
C20V ol(Sn−1)
+ 1 to obtain a contradiction. By Propo-
sition (3.1), we have the following theorem:
Theorem 3.5. For a special function of type (M,C0, CE). Its domain is
contained in the Euclidean ball centered at O with radius
1 +
R0
C0
,
where
R0 = 2M exp

[M(n+ 1)22n+1C3
4
(
2
n+1
2 − 1
)2 ] + 1
 ln 2
 .
4. Modified Blowup analysis
We will prove Theorem (1.1) in this section. In [16], we obtained the
following results:
Proposition 4.1. There exists M > 0 depending only on n,
∫
[−1,1]n u
2(0) dµ
such that for any t ∈ [0, T ), x ∈ [−2, 2]n, we have
|Du(t)| < M,
where Du(t) denotes the Euclidean derivative of u(t).
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Proof of Theorem (1.1). Let t0 > 0 be the first time that there exists x0 ∈
[−1, 1]n such that |Rm(t0, x)| ≥ max(λ, λ√2t0 ). The first case we want to
consider is t0 ≥ 1. Let us rescale the flow by λ, i.e., we define a new flow
u˜(t, x) = λu
(
t− t0
λ2
,
x− x0
λ
)
.
Then following the analysis in Section 4 of [16], one obtain that there exists
C0 > 0 depending only on n,M,CE such that for any x outside BE(O, 1),
Dru˜(0, x) > C0.
Let v(x) = u˜(0, x). Thus v(x) is a special convex function of type (M,C0, CE)
defined on a domain [−λ, λ]n. Theorem (3.5) gives a contradiction if we
choose λ = 2 + R0C0 .
The second case is t0 < 1. Similar to the above case, let us rescale the
flow by λ√
2t0
. Without loss of generality, let us assume λ > 1, so we obtain
a new flow defined in [−2, 0]. If for any t ∈ [−1, 0], max |Rm|(t) < 2, then
we can apply the argument in the first case to obtain a contradiction. If
there exists some t ∈ [−1, 0] such that max |Rm|(t) ≥ 2, then the usual
point-picking techniques allow us to obtain a flow in [−1, 0]. Applying the
arguments in the first case, we can also obtain a contradiction.

5. Smoothing property
Let E be the completion of S in the sense of the Mabuchi distance. In
fact E is the L2-completion of S. For any f ∈ E , it is a periodic function
on Rn with period P = [−1, 1]n. Moreover, u(x) = f(x) + 12
∑n
i=1 x
2
i is a
convex function. Thus (D2u) exists almost everywhere on Rn which implies
that (D2f) exists almost everywhere on Rn. Following the ideas of [28, 30],
we consider the mollification fh of f , i.e.,
fh(x) = h
−n
∫
Rn
f(y)η
(
x− y
h
)
dy
for some nonnegative function η supported on the unit ball B1(0) and satis-
fying
∫
Rn η = 1. It is easy to see that fh(x) +
1
2
∑n
i=1 x
2
i is a smooth, strictly
convex function on Rn. For any point x ∈ Rn that (D2f)(x) exists, we have
(D2fh)(x)→ (D2f)(x) as h→ 0 [29]. Let us consider a sequence of smooth,
strictly convex function on Rn:
um(x) =
m
m+ 1
f 1
r(m)
(x) +
1
2
n∑
i=1
x2i ,
where r is some function from N to N such that r(i) ≥ i for all i ∈ N.
The following lemma is crucial for us:
Lemma 5.1. For any r : N→ N with r(i) ≥ i for all i ∈ N, we have
lim
m→∞ ‖um(x)− u(x)‖L2(P ) → 0.
Moreover, if the extended Mabuchi energy at f is finite, i.e.,∫
P
log det(D2u) dx > −∞,
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then there exists a r : N→ N with r(i) ≥ i for all i such that
lim
m→∞
∫
P
log det(D2um) dx =
∫
P
log det(D2u) dx.
Proof. The first statement is easy to prove:
lim
m→∞ ‖um(x)− u(x)‖L2(P )
= lim
m→∞ ‖
m
m+ 1
f 1
r(m)
(x)− f(x)‖L2(P )
≤ lim
m→∞
m
m+ 1
‖f 1
r(m)
(x)− f(x)‖L2(P ) + lim
m→∞ ‖
m
m+ 1
f(x)− f(x)‖L2(P )
=0.
For the second statement, let vm(x) = f(x) +
m+1
2m
∑n
i=1 x
2
i . Since vm(x) is
uniformly bounded on [−2, 2]n, there exists a constant C > 0 independent
of m such that∫
P
log det(D2vm(x)) ≤ C,
∫
P
log det(D2u(x)) ≤ C.
Also det(D2vm(x)) ≥ det(D2u(x)) implies that∫
P
log det(D2vm(x)) ≥
∫
P
log det(D2u(x)).
Then dominated convergence theorem shows that
lim
m→∞
∫
P
log det(D2vm) dx =
∫
P
log det(D2u) dx.
Now for every j ∈ N, we define
vj,m(x) := f 1
j
(x) +
m+ 1
2m
n∑
i=1
x2i .
Again, vj,m(x) is a smooth, strictly convex function on Rn. In fact,
log det(D2vj,m(x)) ≥ −n logm, log det(D2vm(x)) ≥ −n logm.
Following the proof of Lemma 2.2 in [30], one concludes that
lim
j→∞
log det(D2vj,m(x)) = log det(D
2vm(x)).
Thus for each m, one can choose j = r(m) ≥ m such that
| log det(D2vj,m(x))− log det(D2vm(x))| < 1
m
.
It is easy to see that with our choice of r : N→ N, we have
lim
m→∞
∫
P
log det(D2um) dx =
∫
P
log det(D2u) dx,
where um =
m
m+1vr(m),m. 
Now we are ready to prove Theorem (1.3):
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Proof of Theorem (1.3). Let u0 ∈ E with finite Mabuchi energy. Then by
Lemma (5.1), there exists a sequence of um ∈ S such that
lim
m→∞ ‖um(x)− u(x)‖L2(P ) = 0,
lim
m→∞
∫
P
log det(D2um) dx =
∫
P
log det(D2u) dx.
For each m ∈ N, let um(t) be the Calabi flow starting from um. Let
v(x) = 12
∑2
i=1 x
2
i . It is easy to see that there exists C1, C2 > 0 such that
for any m ∈ N, t > 0,
‖um(t, x)− v(x)‖L2(P ) ≤ C1, Ca(um(t)) ≤
C2
t
.
Then for any fixed t > 0, Theorem (1.1) provides uniform control of the
curvature of um(t, x). Thus for any fixed t > 0, k ∈ N, one has uniform
control of Ck norm of um(t, x). Let u(t) be the weak Calabi flow starting
from u0. Then by the fact that the (weak) Calabi flow decreases the Mabuchi
distance [5, 24, 18], one has
d(um(t), u(t)) ≤ d(um, u0).
Hence
lim
m→∞um(t) = u(t).
We conclude that u(t) is a smooth function. 
Remark 5.2. It is not hard to construct a Ka¨hler metric in E\S. In fact,
let
f(x, y) =
1
4
(x4 + y4)− 1
2
(x2 + y2).
Then f(x, y) is a periodic function on R2 (up to the second order) with
period [−1, 1]2. It is easy to see that u(x, y) = f(x, y) + 12(x2 + y2) in E\S
and its Mabuchi energy is:
−
∫
P
log det(D2u) dxdy
=−
∫ 1
−1
∫ 1
−1
2 ln 3 + 2 ln |x|+ 2 ln |y| dxdy
=− 8 ln 3− 16
∫ 1
0
lnx dx
=− 8 ln 3 + 16.
References
[1] M. Abreu, Ka¨hler geometry of toric varieties and extremal metrics, International J.
Math. 9 (1998) 641-65.
[2] R. Berman, T. Darvas and C. Lu, Convexity of the extended K-energy and the large
time behaviour of the weak Calabi flow, arXiv:1510.01260.
[3] R. Berman, T. Darvas and C. Lu, Regularity of weak minimizers of the K-energy and
applications to properness and K-stability, arXiv:1602.03114.
[4] X.X Chen, Space of Ka¨hler metrics (IV) - On the lower bound of the K-energy,
arXiv:0809.4081.
CALABI FLOW ON COMPLEX TORI 11
[5] E. Calabi and X.X. Chen, Space of Ka¨hler metrics and Calabi flow, J. Differential
Geom. 61 no. 2 (2002), 173-193.
[6] X.X. Chen, W. Y. He, On the Calabi flow, Amer. J. Math. 130 (2008), no. 2, 539-570.
[7] X.X. Chen, W. Y. He, The Calabi flow on Ka¨hler surface with bounded Sobolev
constant–(I), arXiv:0710.5159
[8] X.X. Chen, W. Y. He, The Calabi flow on toric Fano surface, arXiv:0807.3984.
[9] X.X. Chen, G. Tian and Z. Zhang, On the weak Ka¨hler-Ricci flow, Trans. Amer. Math.
Soc. 363 (2011), no. 6, 2849-2863.
[10] T. Darvas and Y.A. Rubinstein, Tian’s properness conjecture and Finsler geometry
of the space of Ka¨hler metrics, arXiv:1506.07129.
[11] S.K. Donaldson, Scalar curvature and stability of toric varieties, Jour. Differential
Geometry 62 (2002), 289-349.
[12] S.K. Donaldson, Interior estimates for solutions of Abreu’s equation, Collectanea
Math. 56 (2005), 103-142.
[13] S.K. Donaldson, Extremal metrics on toric surfaces: a continuity method, J. Differ-
ential Geom. 79 (2008), no. 3, 389-432.
[14] S.K. Donaldson, Constant scalar curvature metrics on toric surfaces, Geom. Funct.
Anal. 19 (2009), no. 1, 83-136.
[15] R. Feng, G. Sze´kelyhidi, Periodic solutions of Abreu’s equation, Math. Res. Lett. 18
(2011), no. 6, 1271-1279.
[16] R.J. Feng and H.N. Huang, The Global Existence and Convergence of the Calabi Flow
on Cn = Zn + iZn, J. Funct. Anal. 263 no.4 (2012), 1129-1146.
[17] H. Huang, On the Extension of the Calabi Flow on Toric Varieties, Ann. Global Anal.
Geom. 40 (2011), no. 1, 1-19, arxiv:1101.0638.
[18] U. Mayer, Gradient flows on nonpositively curved metric spaces and harmonic maps,
Comm. Anal. Geom., Vol. 6, No. 2, 199-253, 1998.
[19] G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv:math/0211159.
[20] G. Perelman, Ricci flow with surgery on three-manifolds, arXiv:math/0303109.
[21] G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain
three-manifolds, arXiv:math/0307245.
[22] W.X. Shi, Ricci deformation of the metric on complete noncompact Riemannian man-
ifolds , J. Differential Geom, 30(2) (1989), 303-394.
[23] J. Streets, The long time behavior of fourth-order curvature flows, Calc. Var. Partial
Differential Equations 46 (2013), no. 1-2, 39-54.
[24] J. Streets, Long time existence of minimizing movement solutions of Calabi flow, Adv.
Math. 259 (2014), 688-729.
[25] J. Streets, The consistency and convergence of K-energy minimizing movements,
Trans. Amer. Math. Soc. 368 (2016), no. 7, 5075-5091.
[26] G. Tian, Canonical Metrics in Ka¨hler Geometry, Birkha¨user, 2000.
[27] G. Tian, Existence of Einstein metrics on Fano manifolds, Metric and differential
geometry, 119-159, Progr. Math., 297, Birkha¨user/Springer, Basel, 2012.
[28] N.S. Trudinger and X.J. Wang, The affine plateau problem, J. Amer. Math. Soc. Vol
18(2005), 253-289.
[29] W.P. Ziemer, Weakly differentiable functions, Sobolev spaces and functions of
bounded variation, Graduate Texts in Mathematics, 120. Springer-Verlag, New York,
1989.
[30] B. Zhou and X.H. Zhu, Minimizing weak solutions for Calabi’s extremal metrics on
toric manifolds, Calc. Var. Partial Differential Equations 32 (2008), no. 2, 191-217.
Hongnian Huang, Department of Mathematics and Statistics, University of
New Mexico, Albuquerque, NM, 87131, U.S.A
E-mail address: hnhuang@unm.edu
